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Polarization phenomena in collisions between one-electron (alkali-like) atoms are calculated with density-
matrix techniques. The kinetic energies for which this treatment is valid are limited from above by the 
use of the Born-Oppenheimer approximation, and from below by the assumed degeneracy of the hyperfine 
states. The basic mechanism for polarization changes is the electron-exchange effect, as suggested by Purcell 
and Field and by Wittke and Dicke. The special situation of unpolarized targets is treated in some detail. 
In this case, there are two numbers which characterize the scattering through any angle: the absolute values 
of certain direct and exchange scattering amplitudes, Fd and Fz. All cross sections must be expressible in 
terms of \Fd\ and \FX\, and this is explicitly carried out in two cases of special interest. One refers to the 
case in which only the electron-spin polarization is measured, and the other to measurements of the polariza­
tion of the hyperfine states of the scattered atom. Effects of the identity of the atoms are also studied in 
detail. 

I. INTRODUCTION 

COLLISIONS between atoms in which angular 
momentum is transferred are an important re­

laxation mechanism in paramagnetic gases. If the atoms 
have unpaired electrons, then the most important fea­
ture of the process is the identity of the electrons. This 
gives rise to the exchange of electrons between the 
colliding atoms, the so-called spin-exchange scattering. 
In this paper, the polarization phenomena in spin-
exchange scattering are studied in some detail. In a 
second paper with S. A. Lebedeff, the problem of calcu­
lating the relevant scattering amplitudes is examined.1 

There has been much interest in this process in con­
nection with the polarization of hyperfine states of 
alkali atoms in their ground electronic states. A simple 
theory for spin exchange between hydrogen atoms was 
developed by Purcell and Field2 and by Wittke and 
Dicke.3 The former pair of authors was concerned with 
the intensity of the 21-cm line in radio astronomy, the 
latter with line broadening in a precision measurement 
of the hyperfine structure of atomic hydrogen. Spin 
exchange has also been observed with optical pumping4,5 

and electron-spin resonance6,7 techniques, particularly 
in alkali vapors. 

Attempts are now being^made in many laboratories 
to measure spin-exchange cross sections with sufficient 
accuracy to be of use in the theory of interatomic 
forces. The best method, and one which is also very 
difficult, is to scatter two polarized atomic beams. In 
principle, this can give all of the scattering amplitudes 
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as a function of scattering angle and relative kinetic 
energy. The most interesting case, from the point of 
view of the theory, is the collision of two hydrogen 
atoms, for here there is some hope of making a complete 
theory starting from the full four-body problem. 

The purpose of these papers is to present a more 
complete theory of spin-exchange scattering than has 
been available in the past. The dynamical basis of the 
theory is actually very similar to the first work by 
Purcell and Field2 and by Wittke and Dicke,3 and a 
more recent version by Dalgarno.8 In particular, the 
collision of one-electron atoms will be considered for 
relative energies much greater than the hyperfine 
splittings, but small enough for the Born-Oppenheimer 
approximation to be valid. This means that the colli­
sion time must be much greater than the electronic 
periods, but much less than the period associated with 
the hyperfine splittings. For two hydrogen atoms, 
this restricts the relative energy to the range (measured 
in degrees) from approximately 10 to 105 °K. By a one-
electron atom is meant, of course, an atom with a single 
s electron outside closed shells. Neglecting all magnetic 
moment interactions,9 the above restrictions on the 
relative kinetic energy imply that the scattering can be 
reduced to an elastic scattering problem. In this ap­
proximation, the atoms interact through a spin-de­
pendent central potential Vs(r), where r is the distance 
between the atoms, and S is the quantum number for 
the total electronic spin, equal to 0 or 1. Associated 
with the potentials Vs (r) are scattering amplitude/# (0), 
which are obtained in the usual way by solving the 
Schrodinger equation. 

The present development of this model attempts to 
improve on previous work by giving a more general 
and complete description of the polarization effects in 
spin-exchange scattering. This is largely accomplished 
by use of the density matrix. Effects of the identity of 

8 A. Dalgarno, Proc. Roy. Soc. (London) A262, 132 (1961). 
9 For the heavier atoms, the most important correction is prob­

ably the coupling between the electronic-spin and the nuclear 
orbital angular momentum. This interesting problem is not ex­
amined in this paper. 
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the atoms are also considered. The statistical problem 
of the relaxation of a collection of such atoms is not 
studied in this paper at all, although the results are 
expected to be useful in analyzing such problems. The 
results should be most directly applicable to cross-
section measurements made with crossed polarized 
atomic beams, i.e., where a truly two-body encounter 
is of interest. The problem of calculating the various 
cross sections and scattering amplitudes is treated in 
another paper.1 

The plan of the paper is as follows: The theoretical 
basis of the model is presented in Sec. II. The discus­
sion here is quite general and includes the use of the 
density matrix, the effects of identity of the atoms, and 
the definition of a general spin-exchange cross section. 
The remaining sections are devoted to specific applica­
tions, with special emphasis on the situation where the 
target atoms are unpolarized and measurements are 
made only on the incident atom before and after scat­
tering. In Sec. I l l , results are presented for the situa­
tion in which only the polarization of the electron spin 
is measured, a case relevant to electron spin-resonance 
experiments. The various cross sections of interest are 
then independent of the nuclear spin except when the 
atoms are identical. In Sec. IV, it is assumed that the 
polarization in the atomic hyperfine states is measured 
and that the atoms are not identical. A simple closed-
form expression is then derived which gives the cross 
section for scattering from any hyperfine state to any 
other, provided the target is unpolarized. The effects of 
the identity of the atoms is most fully investigated in 
Sec. V, which deals with the collision of two hydrogen 
atoms. 

Although the discussion of this paper is directed 
toward collisions between normal one-electron atoms, 
it also applies to other situations in which electron ex­
change is important. These include electron scattering 
from normal one-electron atoms and collisions in which 
one (or both) partners is an ion with one electron out­
side of closed shells. 

II. GENERAL THEORETICAL BASIS 

The general features of the scattering of two non-
identical one-electron atoms will be given first. As 
mentioned in the Introduction, the kinetic energies 
considered are high enough to justify ignoring the 
hyperfine splittings but low enough to use the Born-
Oppenheimer approximation. The interaction between 
the two atoms, which have electronic spins ^i=^ 2=i 
and nuclear spins i\ and i% is 

7 = l V f i W f t , (2.1) 
s 

where Vs is the potential and Ps is the projection 
operator for states of total electronic spin 5. The 
scattering from such a potential is familiar from nuclear 

physics, and Dalgarno has discussed the structure of 
the scattering amplitude for the present case.8 In par­
ticular, the scattering can be calculated from an opera­
tor in the spin space of the two atoms, 

^Zfs(0)Ps, (2.2) 
8 

where fs(0) is the usual scattering amplitude associated 
with the potential Vs(r), 0 being the center-of-mass 
scattering angle. If the two atoms are initially in the 
spin state | aic^), then the differential cross section for 
scattering through the center-of-mass angle 6 to the 
spin state | a iW) is 

c(aia2,aiV;0)= | (axW | ff | am) |2 . (2.3) 

The operator SF is diagonal in the representation in 
which the total nuclear spin and the total electronic 
spin are diagonal. However, this is not the one used to 
describe measurements, which are usually made on 
isolated atoms. Of greatest practical importance are 
the states in which the total angular momentum of 
each atom is diagonal. The analysis of this paper will, 
however, avoid the complexities of the transformation 
coefficients {aia* \ IMiSMs) between the states of 
physical interest \aia2) and the states in which $ is 
simple (i.e., diagonal) | IMiSMs).10 

The scattering operator can be put into a convenient 
form by using the familiar expressions for the projec­
tion operators, 

- r i = i ( 3 + < r i ' o r 2 ) . 

The result is 
^=Fd+F^1*aS} (2.5) 

where 
i W / o + i / i , (2.6a) 

^ = i ( / i - / o ) . (2.6b) 

The amplitudes Fd and Fz are called the direct ampli­
tude and exchange amplitudes, respectively. As will be 
seen below, Fd never contributes to scattering in which 
the spin-state changes, if the atoms are different. 

Pure states are seldom realized in scattering experi­
ments, so it is necessary to consider statistical en­
sembles. In the kind used in this paper, the state of 
relative momentum is pure, but the spin state is com­
pletely general. If the density matrix for the initial 

10 Such coefficients are discussed in great detail in the literature, 
e.g., A. de-Shalit and I. Talmi, Nuclear Shell Theory (Academic 
Press Inc., New York, 1963). In the case where a is fm, the quantum 
numbers for the square and one projection of the total angular 
momentum of a single atom, the transformation coefficients are 

{fimif2m2\IMISMs) 
= C(2/i+l)(2/2+1) (2/+1) ( 2 5 + 1 ) } * 

X 2 (Jimif*mi\JM)(IMiSMs\JM)X(i*iaI\ilS\fif*J), 
JM 

where (/iWi/2ra2 | /lf), for example, is a Clebsch-Gordan coeffi­
cient and X is a 9-j symbol, 
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state is normalized to unity11 

T r l > i n ] = l , (2.7) 

the density matrix for the beam scattered through the 
angle 6 is 

Psc(0) = SP i n$t. (2.8) 

With this normalization, the differential cross section 
for scattering into all final spin states is just the trace 
of psc(0)- Any property of the incident or scattered 
beams can be calculated in the standard way from the 
appropriate density matrix p, 

0 = T r C p O ] / T r M , (2.9) 

where 0 is the observable in question. 
The result of any scattering experiment can be 

calculated with this general formalism once the initial 
density matrix is specified. Some interesting special re­
sults can be found with comparative ease for experi­
ments in which no measurements are made on one of 
the atoms, so that its polarization may be assumed to 
be completely random. Although a complete analysis of 
the scattering process does require such measurements, 
most experiments in the near future will involve un-
polarized targets. In this case, it is useful to define 
spin-exchange cross sections a(a,a';d) for scattering of 
the incident atom from an initial spin state a to a final 
spin state a!. Associated with these states are projection 
operators P i (a) with the usual properties,11 

P i 2 = P i , P i f = P i , 

t r [ P i ] = l , E « P i ( a ) = l . 

The subscript 1 stands for the incident atom and the 
subscript 2 will represent the other (unpolarized) atom. 
The spin-exchange cross section is defined as 

<r(a^;^) = T r [ > M W ( P i ( a , ) X / a ) ] , (2.10a) 

with the incident density matrix given by 

Pin=(l/g2)Pi(e*)X/2, (2.10b) 

and, therefore, the above definition is 

XTrlHPi(*)Xl2)&(Pi(cxf)Xl2ft. (2.11) 

Here 1% is the identity matrix for the spins of the target 
atom of order g 2 = 2 ( 2 i 2 + l ) . This definition embodies 
the usual averaging over unmeasured initial spin states 
and summing over unmeasured final spin states. The 

11 Some explanation of the matrix notation of this paper is in 
order. First of all, T r [ 0 ] stands for the trace of O in the spin 
space of both atoms, i.e., in the vector space formed from the 
product of the four spin spaces of both electrons and both nuclei. 
The symbol t r [^( l )] is the partial trace carried out in the spin 
space of just one atom, i.e., in the vector space formed from the 
product of the spin space of the electron and the spin space of the 
nucleus of this atom; the operator o (1) is an observable for the 
atom. T ĥe matrix 0 is frequently the direct product o(l)Xo(2) 
of matrices referring to the individual atoms. The cross notation, 
as well as identity matrices, will frequently be suppressed if the 
meaning of an equation is clear without them. 

spin states are always defined with respect to the same 
quantization axis, both before and after scattering. 

When the explicit form for # given in Eq. (2.5) is 
substituted into the spin-exchange cross section, four 
terms are obtained. Two of these are zero, however, 
because they are linear in the target-atom Pauli opera­
tors which, of course, have zero trace. The result may 
thus be written 

1 
<r(a,a'',d) = ~Trt\Fd\*P1(a)Pi(cx') 

#2 

+ \PA2i:^iPi(ci)<TliPl{af)']. (2.12) 
*- i 

This equation is completely devoid of spin operators 
for the target atom, so all reference to it can be 
eliminated11: 

a(a,af;6)=\Fd\nv\:P(a)P(a')'] 

+ | ^ | 2 E tr[(7,P(a>,P(aO]. (2.13) 

As pointed out by Wichmann,12 this result can be gen­
eralized to arbitrary statistical ensembles, not just the 
particular initial and final states involved in the spin-
exchange cross section. If pin(l) and psc(l) are effective 
density matrices for the initial and final states, then 
Eq. (2.13) implies the relation 

Psc(l)= | F d | 2 P i n ( l ) + | F , | 2 i : aiPina>i. (2.14) 

The average value of any observable o(l) of the scat­
tered atoms is then 

^c ( l ) = t r [p s c ( l )^ ( l ) ] . 

Most of the analysis of this paper is based on Eq. (2.13) 
or its equivalent, Eq. (2.14). From them it can be seen 
that experiments with unpolarized targets depend only 
on the absolute values of Fa and Fx. To obtain com­
plete information about the scattering process, i.e., to 
measure the relative phase of Fa and Fxy obviously re­
quires polarization studies of both atoms. In resonance 
experiments, where only polarization changes are ob­
served, only | F» | can be measured. This follows from 
the fact that the first term of Eq. (2.13) vanishes unless 
a=a'. Although only two numbers determine the 
spin-exchange cross section at each angle, there are 
£2(2ii+l)[]2 spin-exchange cross sections according to 
the definition of Eq. (2.11). One of the main objectives 
of this paper is to relate these cross sections, which are 
clearly not all independent, to the quantities \Fa\ 
and | F * | . 

This analysis can be extended to identical atoms by 
properly symmetrizing the scattering amplitudes. If Qn 

and Qe are the operators which interchange the two 
electronic and the two nuclear spins, respectively, then 

12 E. Wichmann (private communication). 
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their basic properties follow from the equations, 

Q.\IMiSMa)= (-^IIMJSMS), 

QnllMzSMs)- (-Y^lIMrSMs). 

Therefore, the scattering operator must now be 

Z-Zs Lfs(e)+(-)2i+1Qfs(T-d)lPSy (2.15) 

where Q=QnQe interchanges both the electronic and the 
nuclear spins. The factor (—)2i+1 is even for half-
integral i and odd for integral i, corresponding to the 
boson and fermion character of the atoms for half and 
whole integral values of the nuclear spin, respectively. 
In the representation in which the total nuclear and the 
total electronic spin are both diagonal, ^ is diagonal 
with the eigenvalues 

(IMISMs\$\IMISMs)=fs(e)+ (-)I+sfs(7r-d). 

Most of the remaining analysis parallels the previous 
discussion for nonidentical atoms. For identical atoms, 
Eq. (2.3) gives the differential cross section for colli­
sions in which two identical atoms in spin states ai 
and «2 are scattered into the spin states a / and 0:2'. 
The angle 0 refers to the direction of motion of the atom 
in the spin state a/, measured relative to the incident 
direction which is denned by the motion of the atom in 
spin state «i. Using the familiar form for Qe, 

e .= Pi-Po=*(l+<ri-«r2), (2.16) 

Eq. (2.15) becomes 

3r= Uo(6)~ (-r+1Qnfo(ir-6)lPo 
+UM+(-)2i+1Qnfi(ir-e)3P1. 

The generalization of Eq. (2.5) for ^ to identical atoms 
is, therefore, 

gr=Gd+G^i-or2, (2.17) 

where Gd and Gx are the nuclear spin operators 

G,(0)=iC/o(0)- ( - ) 2 i + Wo(x -0 ) ] 
+![ / i (0 )+ (-)2 i+1C»/iOr-0)], (2.18a) 

G.(*)=i[/i(fl)+ ( - ) 2 i + W ! O r - 0 ) ] 

- I C / o W - i-r+1Qnfo(7T-en , (2.18b) 

The alternative forms, 

Gd(d) = Fd(d)+F/(ir-e)(-y^Qn, (2.19a) 
Gx(d)=Fx(e)+F*'(Tr-e)(-yi+1Qn, (2.1%) 

emphasize the connection with the previous treatment 
for nonidentical atoms. The amplitudes Fd

f and Fx are 
obtained from Fd and Fx of Eq. (2.6) by simply chang­
ing /o to —/0: 

F*'{*)=-\fM+lfM, (2.20a) 

F*'«» = ifi(fl)+lMO). (2.20b) 

These amplitudes share with Fd and Fx the useful 
property 

\FJ(e)\*+3\FJ(0)\*=\FM\*+3\FMP 
= il/o(0)|2+f|/ i(0)|2. (2.20c) 

The spin-exchange cross section, Eq. (2.11), can now 
be written in a form analogous to Eq. (2.12) for non-
identical atoms, 

1 
<r(a,a'; 0) = — tr[GdPi(a)G^Pi(a') 

+ZGx<TliPi(a)GjaliP1(a')']. (2.21) 

Once again there is no mixing of direct and exchange 
amplitudes because the scattering operator is linear in 
cr2. This expression may be further developed by using 
Eq. (2.19) for Gd and Gx. For this purpose, it helps to 
recognize that13 

TrK n ]=4 (2 t+ l ) (2.22) 

and to then express Q„ as 

where 
T r [ < V > 0 . 

Equation (2.19) then becomes 

Gd(6) = Jd(e)+Kd(8)Qn', 

Gx(6) = JM+KMQn, 

(2.23) 

(2.24) 

(2.25a) 

(2.25b) 
where 

JM-FM+Li-y^/ii+iyjiTr-e), (2.26a) 

**(*)= (-) 2 m /V6r-0) , (2.26b) 

and 

JM = Fx(d)+l(-r^/2i+l-]Fx'{TT-0), (2.27a) 

K*(0)= (-)2i+lFj(Tr-e). (2.27b) 

Detailed use of these expressions will be made in Sees. 
I l l and IV, where the effects of identity are studied for 
some specific kinds of spin exchange. 

To conclude this section, the unpolarized scattering 
is calculated from Eq. (2.8), starting with the initial 
density matrix 

Pin= [4(2ti+1) (2ia+1)]"1/. (2.28) 

For nonidentical atoms, Eq. (2.2) is used for &, 

«r(tf) = [4(2*i+l)(2*,+ l)]-» E Tr[ | / s (0) |*P s ] , 
S 

with the expected result 

^ ) = il/iWI2+ll/oW|*. (2-29) 
For identical atoms, Eq. (2.15) must be used, 

„(„)= -ETr[{ | / s (0) |H- | / s (x-0) | 2 

4(2*+l)2 s 

+ ( - ) 2 m 2 Refs*(d)fs(*-d)QnQe}Ps-], 

13 This follows from the fact that the ratio of symmetric to 
antisymmetric states under interchange of nuclear spins is (i-j-l)/i, 
the total number states of course being [2(2^'+l)]2. 
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with the result, 

r c-fm i 
*(*) = ! I / O ( 0 ) | 2 + | / O ( T T - 0 ) | 2 2Refo*(6)fo(T-d) 

L 2i+l J 

+ f I I MB) 12+ I /iGr-0) 12+—-T"2 Re/i* W/i^r-^) 
2* + l 

(2.30) 

These expressions for the unpolarized differential cross 
section also follow from the alternative expressions for 
$ given in Eqs, (2.5) and (2.17) and the simple relation 
(ov<T2)2=3— 2(ov<y2), i.e., for nonidentical atoms 

<T(̂ ) = [ 4 ( 2 i 1 + l ) ( 2 i 2 + l ) ] - 1 T r [ | ^ W | 2 + 3 | F : c W | 2 ] 

= | F d ( 0 ) | 2 + 3 | F , ( 0 ) | 2 , (2.31) 

and for identical atoms 

a(e)=[4(2f+i)2]~1 TilGd(e)GJ(e)+3Gx(d)GJ(e)2 
==\Fd(d)\2+3\Fx(d)\2+\Fd(7r-d)\2+3\Fx(Tr-e)\2 

+ [ ( - ) 2 m / 2 i + l ] 2 ReZFd*(0)Fd'(T-6) 
+3Fz*(d)Fx'(Tr-d)']. (2.32) 

In the approximation that the interference term can 
be neglected, e.g., for large nuclear spin or for ampli­
tudes peaked in the forward direction, the cross section 
in Eq. (2.32) reduces to a form appropriate to classical 
scattering theory. 

III. CROSS SECTION FOR ELECTRON 
SPIN EXCHANGE 

A first simple application of the above theory is to 
collisions in which the initial and final states are char­
acterized by the polarization of the electron spin. 
Assuming unpolarized targets, the initial density ma­
trix is 

Pin(l) = K / e + ^ - p ) X [ ( 2 i 1 + l ) ~ 1 / n ] , (3.1) 

where p is the initial electron polarization and Ie and 
In are the identities in the electron and nuclear spin 
spaces. The length of p is restricted to 0 <p < 1, a pure 
state being characterized by p=l and a completely 
unpolarized state by p—0. The final density matrix 
is easily obtained by substituting this expression into 
Eq. (2.14), the result being 

Psc ( l ) = ( T W i ( / e + ^ - p , ) X C ( 2 i l + l ) - 1 / n ] . ( 3 . 2 ) 

The cross section a (6) is just the unpolarized cross sec­
tion given in Eq. (2.29). This expression has the usual 
form of a density matrix describing electron polariza­
tion and, thus, the quantity p', 

\F*\*-\F*\* 
P ' = ^ — i ;—rP> 

Fd*+3 F j 2 

(3.3) 

is the final electron polarization. The final polarization 
is parallel to the initial polarization, and always smaller 
in magnitude. 

Possessing a complete solution of this problem, a 
number of special cases can easily be studied. For ex­
ample, if the initial state is unpolarized (^=0) , the 
final state is also 

P i 0 ( l ) = a (6) (JJ.) X [ ( 2 t i + l ^ / n ] , (3.4) 

and the trace of psc(l) in this case is the unpolarized 
cross section a (8). More generally, the cross section for 
finding the scattered electron completely polarized in 
the direction it is 

<r(p; ^ ) = T r [ P s c ( l ) | ( / e + c T ^ ) X / n ] , (3.5) 

the second factor being the projection operator for this 
pure polarization state. Using Eq. (3.2), this is simply 

< K P ; ^ H H I + P ' ^ M 0 ) , 

or, with Eq. {3.3), 

c r ( p ; ^ ) - K l + P ^ ) I ^ | 2 + i ( 3 - p - n ) | F i C | 2 . 

Defining the cross section for no spin change as 

(rd(0) = a(n,n;d), 

and the cross section for a spin-flip as14 

crx(0) = a(ni —n;6), 

(3.6a) 

(3.6b) 

(3.7a) 

(3.7b) 

Eq. (3.6b) leads to the following formulas for these 
cross sections, 

(3.8a) 

(3.8b) 

crd-\Fd\*+\Fx 

<T*=2\FX\K 

These cross sections do not depend on the nuclear spin, 
which seems natural, since they refer to experiments in 
which only the electron spin is measured-and also 
since the potential [Eq. (2.1)] arises from electron ex­
change. I t can also be checked [using Eq. (2.13)J that, 
if measurements are also made on the nuclear spin, the 
cross section vanishes unless the initial and final nuclear-
spin states are the same. This justifies the use of the 
name, "electron spin exchange," for the kind of cross 
section under discussion. 

The identity of the atoms may be accounted for by 
using Eq. (2.21) and averaging and summing over the 
unmeasured nuclear spins. The cross section for scatter­
ing from a state in which the electron has the polariza-

14 This is a factor of two smaller than the spin-flip cross section 
used by R. M ; Mazo, J. Chem. Phys. 34, 169 (1959), who has 
analyzed linewidths in electron paramagnetic resonance in gaseous 
hydrogen. The cross sections used here are the same as introduced 
by Purcell and Field (Ref. 2) and by Dalgarno (Ref. 8). 
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tion p to a state in which it is completely polarized in 
the direction >5 is 

«KM;0) 
= C 8 ( 2 i + l ) 2 ] - i { T r [ G d ( J e + a l - p ) G / ( / e + f f l ^ ) ] 

+ E T r [ G ^ H ( / . + a 1 . p ) G » V 1 1 ( / . + a 1 - / l ) ] } . (3.9) 

This expression reduces considerably because the terms 
linear in the Pauli operators have zero trace and be­
cause Gd and Gx commute with the electron spin 
operators: 

1 
<r(p,d;0) = {Ml + P ^ ) T r [ G , G / ] 

4(2*+l) 2 

+ | ( 3 - p ^ ) T r [ G * G i C + ] } . (3.10) 

This result is the generalization of Eq. (3.6b) for identi­
cal atoms. In fact, comparison with this equation indi­
cates that all of the results of the preceding analysis 
can be extended to this case, if the following replace­
ments are made: 

1 
| F d | 2 - ^ T r [ Q G / ] 

4(2*+l) 2 

H F d ( 0 ) | 2 + | F / f r - 0 ) | 2 

(__)2ff l 

+ -2 Re(Fd*(d)Fd'(w-d)^ , (3.11a) 
2i+l 

1 
\Fx\

2-> TrCGaG.t] 
4(2f f l )2 

= \Fx(e)\2+Fx
f(7T-d)\* 

( _ ) 2 f f l 

+ 2RelF*(0)Fx'(ir-6)]. (3.11b) 
2i+l 

This transcription may be made to obtain the effective 
density matrix from Eq. (3.2), the polarization after 
scattering from Eq. (3.3), the cross section for a pure 
polarization state from Eq. (3.6a), and the cross sec­
tions for no spin change and for a spin flip from Eqs. 
(3.8a) and (3.8b), respectively. For example, <xx is 
twice the expression given in Eq. (3.11b), and <rd is 
the sum of Eqs. (3.11a) and (3.11b). The polarization 
after scattering p' is parallel to the initial polarization 
p and the ratio of their magnitudes is the difference of 
Eq. (3.11b) and (3.11a) divided by Eq. (2.32) for the 
unpolarized scattering cross section. All of these quan­
tities differ in magnitude from the values appropriate 
to nonidentical atoms. They will also now depend ex­
plicitly on the nuclear spin through the factor ( 2 i + l ) _ 1 

X ( — ) 2 m which is associated with the " exchange 
amplitudes" Fd and FJ. The differences with the 
results for nonidentical atoms persist even in the limit 

of neglecting the interference terms in Eq. (3.11). As 
already pointed out in Sec. IT, the unpolarized cross 
section reduces to the classical form, but all of the 
other quantities of physical interest here do not. For 
example, the ratio of the polarizations tends in this 
limit to 

P'_ \Fd(e)\*-\Fx(d)\*+\Fd'(T-d)\*-\Fx'(ir-d)\> 

p~\Fd(e)\2+3\Fx(d)\*+\Fd(Tr-d)\*+3\Fx(w--e)\2' 

IV. CROSS SECTIONS FOR CHANGES IN THE TOTAL 
ANGULAR-MOMENTUM QUANTUM NUMBERS 

There are many kinds of experiments in which elec­
tron spin exchange manifests itself through changes in 
the polarization of the atomic hyperfine states. One 
example is relaxation studies in paramagnetic gases 
using radio-frequency spectroscopy and various po­
larization techniques, e.g., optical pumping. The sta­
tistical analysis necessary for understanding such ex­
periments is not developed in this paper, however, but 
only the properties of some of the two-body scattering 
events occurring in these gases. The results are, there­
fore, more directly applicable to scattering experiments 
with crossed polarized atomic beams. The cross sections 
for the various polarization changes observable in 
atomic-beam experiments will now be calculated with 
the density-matrix techniques developed in previous 
sections. 

Restricting the analyses of this section to nonidentical 
atoms, the cross section for a change in hyperfine state 
from ftn to fm\ on scattering from unpolarized atoms, 
is [using Eq. (2.13)] 

cf{fmjfm')6) 

= \Fd\*\$P<jm)P(J'm')-\ 

+ I Fz\2 E tTZ*iP(Jm)<riP(f,m')']. (4.1) 
4 = 1 

The operators P(fm) are the projection operators for 
the hyperfine states of the incident atom. The first 
term vanishes unless the initial and final states are the 
same. The second term, which expresses the effect of 
spin-exchange scattering on the hyperfine states, is 
determined by the quantity15 

A(fm,f'm')=T, trZaiP(fm)aiP(ffmf)']. (4.2) 
i 

By evaluating the trace in the fm representation, this 
expression may be rewritten as 

A(/»,/v)=II(fVk<|/»)|2, 
i = l 

15 The dependence of a{fmjfmf'y 6) in Eq. (4.1) and A(/m,/'w') 
in Eq. (4.2) on the magnitude i\ of the nuclear spin of the incident 
atom (and on the electron spin = J) has been suppressed here. 
This is also true of various other quantities derived from these. 
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and by transforming to the spherical basis o-M(/x=l, and \Fd\, of the two basic scattering amplitudes. The 
0, — l),16 essential step was the application of the Wigner-

1 Eckart theorem to the quantity A {fmj'tn') of Eq. (4.2). 
CTO=(jz ar^i—^F—(orxzkicry), From this result, the "selection rules" for the process 

v2 c a n a i s o k e ascertained: 
it becomes 

A / = | / ' - / | = 0 o r l (4.7a) 

Mi^i Am=m— m=i, 0, or — 1, (4.7b) 

This is a form suitable for applying the Wigner-Eckart which follow from the fact that the process occurs by a 
ti 17 unit change m the projection of the electron spin. 

The factor A ( / , / ' ) , which is essentially the square of 
(f'm' | <?» | fm) = (fmln \ frwif){\iff\\<j\\^if), a reduced matrix element, may be evaluated directly 

, , r . , . , i ^ i . i ^ j from an alternative form of its definition in Eq. (4.4): 
where the first factor is the usual Clebsch-Gordan co­
efficient, and the second is the reduced matrix element 3 
of the Pauli spin operator. Thus, A of Eq. (4.2) may be A ( / , / ' ) = E tr[<r*P(/)eriP(/')]. (4.8) 
written as *==1 

A ( / f » , / W ) = I (W'\\4W)\2?:(f™lti\f'my. (4.3) T h e operator P(f) is the sum of the 2 / + 1 projection 
M operators P(fm), 

Summing over magnetic quantum numbers and using P(f)~ YL P(fm) > (4.9) 
the orthogonality of the Clebsch-Gordan coefficients m=~i 
lead to . . . . . . . . 

i.e., it is a projection operator for any state with total 
A(fJ')^J2A(fm>f,m') angular momentum / . For the two hyperfine states 

™>™r / = i = b | , these operators [which are the obvious gen-
= ( 2 / ' + 1) I (K/ ' IHIJ^/) 12, (4.4) eralizations of the familiar singlet and triplet projection 

operators of Eq. (2.4)] mav be written as 
and the possibility of eliminating the reduced matrix 
element in Eq. (4.3), i.e., P(i+i)= (2i+l)-i(i+l+vl), (4.10a) 

A ( M / W ) = J A ( / , / , ) E ( / W / / ~ W ' | 1 - M ) 2 . (4.5) P ( i - £ ) = ( 2 i + l ) - K t - « r - I ) , (4.10b) 
M or, in one equation, 

At the same time, the spin-exchange cross section p / / \ _ o- i -J- l )— i r ( / '+ i )+ ( )/""*~*<r-I1. (4.11) 
becomes 

Substituting these operators into Eq. (4.8) for A ( / , / ' ) 
vifmJ'm'i^^&ff'dmm'lFd^+^AifJ') and dropping the terms linear in the Pauli operators 

XT,(ffnf'-tn'\l-n)*\Fx\*. (4.6) 
(which have zero trace), leads to 

M 1 3 
A(f f') — V t r r ( f + i ) ( f / + i ) o - 2 

This expression fulfills one of the important aims of (2 i+ l ) 2 ;=i J 2 J 2 

this paper, which is to relate the £2 (2 i+ l ) ] 2 spin- + ( — y^'ajvIajifY]. (4.12) 
exchange cross sections to the absolute values, \FX\ 

The traces can easily be evaluated and the result is 

TABLE I. Values of A (/,/ ') from Eq. (4.13). w ^ r,\ n/2i+l) 

~~ ~~~ = "' X [ 3 ( / + J ) ( / ' + | ) - ( - ) / - ^ ( i + l ) ] . (4.13) 

The spin-exchange cross section is now finally given by / ' \ i + i 
(2t-f-2)(2*+3) &•(*'+1) 

i+i <r(fm,f'm') = drfdm,m\Fd
 2 

(2*+l) 2i+l 
Si«+» (2i-l)(2i) + _ _ [ 3 ( / + l ) ( / ' + i ) _ ( _ ) / - / ^ ( , - + 1 ) 3 

2*+l (2*+l) 2 * + 1 

— X E ( / W / ' - W ' | 1 - M ) 2 | ^ | 2 . (4.14) 
16 M. E. Rose, Elementary Theory of Angular Momentum (John 

^ ^ ^ ^ I t e S ^ ^ ^ S L M „ — « * (John F ° r convenience, the coefficients A ( / / ' ) are tabulated 
Wiley & Sons, Inc., New York, 1950), p. 85. in Table I. 
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One of the first uses of this formula is to check the 
results of the preceding section on electron spin ex­
change bv simply setting the nuclear spin to zero in 
Eq. (4.14): 

-\-2{\ml-mf\\m-mfy\Fx\K (4.15) 

The square of the Clebsch-Gordan coefficient is \ for 
m' — tn9 and 1 for mf=~m, and thus 

<j(\m,\m) = \Fd\*+\F*\*=<rd, (4.16a) 

<r(htn,i-in) = 2\Fx\
2=<Tx, (4.16b) 

and 

in agreement with Eqs. (3.8a) and (3.8b). 
The situation for nuclear spin i=\ is not much more 

complicated, and the sixteen spin-exchange cross sec­
tions are listed in Table I I . The cross section for an 
actual change in angular momentum state is |/^a.|2 in 
this case, in contrast to 2\FX\2 for nuclear spin zero. 
The sum of the entries in any row or in any column of 
Table I I is equal to the unpolarized cross section of Eq. 
(2.31). Both of these results can be understood as 
special cases of some general properties of the spin-
exchange cross sections which will now be proved. 

I t is useful to define the average cross section 

*( / , / ' ) = : E <r(fm,f'm'), (4.17) 
2 / + l i 

which, from Eq. (4.6), is equal to 

*(fJ') = 8fJ,\Fd\*+(2f+l)^A(fJ')\Fx\\ (4.18) 

The quantity A ( / , / ' ) is given by Eq. (4.13) and also in 
Table I ; the four values of a(/,/') are also listed for 
convenience in Table I I I . In the limit of very large 
nuclear spin, the average cross sections approach the 
ones for i = 0 in Eq. (4.16) and also the cross sections 
for "pure electron spin exchange" in Eqs. (3.8a) and 
(3.8b): 

limc7(/,/) = crd, (4.19a) 

l i m e r ( / , / V / ) = cr, (4.19b) 

Summing the general spin-exchange cross section in 
Eq. (4.6) over just one magnetic quantum number is 

TABLE II. The sixteen spin-exchange cross sections 
for nuclear spin i = J. 

/ ' = 1, tn'= — 1 
/ ' = 0,m'=0 

/ = 1 , 
m — \ 

I^IH-ltfrl2 

0 
l^ l 2 

m = 0 

i ^ i 2 

i ^ i 2 

i ^ i 2 

\F*V 

m——\ 

0 
l ^ l 2 

| P* | 2 + |^ I 2 

l^xl2 

/-o, 
m=0 
i^i2 

l^xl2 

i^l2 

l^l2 

actually sufficient to give the average cross section 

2 > ( M / W ) = <r(/,/'), (4.20a) 

E . ( M / V ) = ^ - , ( / , / ' ) . (4.20b) 
2 / ' + l 

From Table III or from Eq. (4.18), it can be shown that 
the average cross section satisfies certain sum rules: 

E <r(f,f) = 2<rd, 
1 

f 

2/+1 

2; ———*(f,n=<r, 

(4.21a) 

(4.21b) 

(4.21c) 

(4.21d) 
/ , / '2 (2f f l ) 

where a, ad, and <rx are the cross sections previously 
introduced in Eq. (2.31) and Eqs. (3.8a) and (3.8b). 

The sum of the spin-exchange cross section a {frnj'm') 
over all possible final states can easily be obtained from 
Eqs. (4.20a) and (4.21b): 

H (r(fmj/mf) = a. 
f'mf 

(4.22) 

As a further application of Eq. (4.20a) and Table III, 
the cross section for a change in spin state, such that 
the initial and final values of the total spin are dif­
ferent, is 

1 

2 /4-1 
-2>(M/W*»') 

1 2 

<K/,/W) = — l ^ * l 2 . (4.23) 
2 / ' + l 2i+\ 

TABLE III . The average cross section <r (/,/ ') given by Eqs. (4.17) and (4.18). 

/=*+* f=i-h 
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This conforms to the results previously stated for 
nuclear spin zero and one half. Combining Eqs. (4.23) 
and (4.22), the probability for a change to a spin state 
with a different value of the total (hyperflne) angular 
momentum / is 

2 | F , | 2 

w (i) = . (4.24) 
n+\ \Fd\*+$\F9\* 

V. HYDROGEN-HYDROGEN SCATTERING 

The special problem of spin-exchange scattering be­
tween hydrogen atoms will now be treated, taking full 
account of the identity of the atoms. This aspect of 
the problem can be studied in great detail for this case 
because of the simple form of the nuclear spin-exchange 
operator, 

e»=£(/»+*i-*2), (5.1) 

Ti and 2̂ being the Pauli operators for the proton spins. 
The traceless operator Q'y defined in Eq. (2.23), is now 

The partial trace of Qn
f in the spin space of either 

proton is also zero. The appropriate form of the spin-
exchange cross section of Eq. (2.21) is 

= \Trl{Jd+QnfKd)P1{fm){J^+Qn
fK^)Pl(f'm

f)-] 

+ 1 E ^W.+Qn'K^iP^fm) 

X(Jx*+Qn'Kx*)<ruPi(ff?n')~], (5.3) 

using the notation of Eq. (2.25) for the scattering ampli­
tudes. The special properties of the operator Qn' cited 
above lead to the vanishing of all traces linear in Qn'9 

and thus to the expression 

a (fm,f'm') = tr[ \Jd\
2P (fm)P(f'm') 

+ \J,\2Jl<riP(fm)aiP(fm^ 
i 

+ \Kd\*\ E tr[r«P(/f»)riF(/'»')] 
(5.4) 

+1 Kx\
2| £ •£ tx[_Ti<TjP{fm)Ti<TiP{f'm')']. 

i J 

The first two lines are just the cross section analyzed 
in Sec. IV for nonidentical atoms with Fd and Fx re­
placed by Jd and Jx. Of the two new kinds of terms, the 

TABLE IV. The four values of r ( J / , i / ' ) which enter into the spin-
exchange cross section for two hydrogen atoms in Eq. (5.5). 

v 
/ \ 

1 
0 

I 

21 
6 

0 

6 
3 

one in the third line can also be evaluated with the 
results of the preceding section, and so only the term 
proportional to |^x | 2 requires detailed consideration 
here. In particular, Eq. (5.4) is now written as18 

cr (fmj'm') = 5fr8mm, \ Jd | 2+±A ($/,*/') 

xci/,i2+ii^i2]E(/^r-^ii-M)2 

+ |*,|*ir(i/«,i/W), (5.5) 

where T is the generalization of the A introduced in 
Eq. (4.2): 

r & K f / V H E trCT t<ryP(/W)r,^P(/W)]. (5.6) 
i 

The basic idea in the analysis is to again apply the 
Wigner-Eckart theorem to obtain the dependence of T 
on its magnetic quantum numbers. For this purpose, 
the spherical basis is used, but now the tensor which 
will be of interest o-Mr̂ (/x, v— 1, 0, —1) is reducible into 
the various tensor products (<J®T)L, which are irre­
ducible spherical tensors of rank L—0, 1, and 2: 

o-/*Tp==L (\P1V\LM)(<T®T)LM> (5.7) 
LM 

Transforming T from Eq. (5.6) to the spherical basis 

r ( i / » , i /W)= £ \(f'tn'\*(ri\fm)\* 

= E \(f'fn'\a^\fm)\\ 

fj., v = — 1 

and using Eq. (5.7) leads to the reduced form 

r ( * M i / W ) = E | (/'*»'| {^r)LM\fm)\K (5.8) 
LM 

Application of the Wigner-Eckart theorem now leads to 

= E | ( / 1 K * ® r ) 4 / ) | 2 E ( / ^ M | / W ) * . (5.9) 
L M 

The reduced matrix element of (<T®T)L can be related 
to those of cr and r (in the representations of their own 
eigenvectors) with the 9-j or X coefficient, and the 
result is 
(M/1I(^r)L||M/) 

= [36(2L+l) (2 /+l )J /*X(i i / , |H/ l H£) . (5.10) 
Recalling how T enters into the cross section of Eq. 

(5.5), the three tensors {<J®T)L (L=09 1, 2) each con­
tribute to the scattering in a characteristic way. The 
zero rank tensor adds to the nonspin flip scattering 

18 The value of the nuclear spin * = £ has been inserted in the 
quantities A and r to distinguish the results of this section from 
the previous one. 
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(/ ' = / , mf—m)y since it cannot lead to any angular-
momentum change at all. The first rank tensor gives a 
contribution similar to the spin-flip scattering for non-
identical atoms discussed in the previous section. In 
this case, however, the transition / — » / ' = / is for­
bidden, since the corresponding reduced matrix element 
vanishes.19 The second-rank tensor contributes only to 

transitions in which / = 1 —»/'= 1. The transition /== 1, 
m = l —»/ '=l , m'= — 1 is allowed; it occurs by the 
exchange of an entire atom on collision with another 
of the opposite polarization. 

Using explicit values for the X coefficients, the spin-
exchange cross sections for hydrogen atoms scattered 
from unpolarized hydrogen atoms is 

c7(M/W) = 5 / / ^ w [ | / d | 2 + f ( 2 / + l ) - 2 | ^ | 2 ] 

+8fJ>5ftl\Kx\
2 £ ( l w l - f » , | 2 -M) 2 . (5.11) 

M 

In treating the average cross section 

1 
*(/,/') = - Z^(M/V), 

2 / + 1 -
the quantity 

r ( * / , £ / ' ) = E trlairjP{f)airjP{r)~] (5.12a) 

= £ r ( j / f» , i /W) , (5.12b) 

where A (*/,*/') is given by Eq. (4.13) and r (*/,*/') by 
Eq. (5.14). This cross section is summarized in Table V. 

The various amplitudes which occur in this analysis 
are given by Eqs. (2.26) and (2.27) for i = | : 

MO) = Fd(p)+iF/(ir-e), (5.17a) 

KM = F*'(*-0), (5.17b) 

M0) = FM+iF.'(*-0), (5.17c) 

Kx(d) = Fx'(T-0), (5.17d) 

which in turn are expressible in terms of /o and f\. 
Unlike the situation for nonidentical atoms, interference 
terms now occur, but always between amplitudes re­
ferring to different scattering angles 6 and (ir—0)-as is 
characteristic for identical systems. 

It is interesting to compare the average cross sec-
and the four values of T are listed for convenience in t i o n s w i t h t n o s e f o r "electron spin exchange" discussed 
Table IV. These values are in agreement with those in Sec. III. From Eqs. (3.11) and (5.17), it is found that 
obtained from Eq. (5.12b) and Eq. (5.9), 

**=(\J*\*+\J*\*)+l(\Kd\*+\K,\*), (5.18a) 

r(Mr)=(2r+.)?l(H/1,(^)dl«/)|.. M „mj.nliK.n. (5,8b) 

When the reduced matrix elements are evaluated from T h e s u m of t h e s e i s t h e unp0larized cross section of 
Eq. (5.10) with appropriate values for the X coefficients, Eq. (2.32) i.e. 
the average cross section is now 

<r(f,f') = 8fr\Jd\
2+(2f+l)-iA(if£f%\Jx\>+l\Kd\>l *=*.+'*=(\J*\*+3\J*\*) 

+ ( 2 / + l ) - i r ( i / i / ' ) l l ^ l 2 , (5.16) + i(\Ki\*+3\K.\»). (5.19) 

TABLE V. The average spin-exchange cross sections for two hydrogen atoms from Eq. (5.16). 

will prove useful. Inserting the appropriate operators 
from Eq. (4.11) with i = J , 

^ ( / ) = i [ 2 / + l - ( - ) V * ] , (5.13) 

the trace in Eq. (5.12a) is easily evaluated to yield 

r ( § / , i / ' ) = f [ 3 ( 2 / + l ) ( 2 / ' + l ) + ( - ) ' + ' ' ] , (5.14) 

1 [|/*l ,+2|/.|*+i|^|«+(7/4)|«,|>] 
o [|/.|,+i|*,,|»+i|jr.|»] 

[3(|/*l2+i|tfd|H-i|iC*|*)] 

19 I t may also be noted that the "exchange direct amplitude" Kd{9)=Fd{ir—e) enters into the spin-flip part of the cross section, 
which indicates that the subscript d and the name direct amplitude are not so appropriate for identical atoms. 
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Comparing these expressions with Table V, it is 
found that two of the "sum rules" valid for non-
identical atoms, Eqs. (4.21a) and (4.21c), do not 
hold in this case. All the other relations, Eqs. 
(4.20a), (4.20b), (4.21b), (4.21d), and (4.22), still are 
valid. 
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Effect of Hydrogen-Hydrogen Exchange Collisions 
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Exchange collisions between ground-state hydrogen atoms are considered. The density matrix after 
collision is calculated for pairs of atoms which initially had the same density matrix. The result is applied 
to the hydrogen maser with the assumption that only exchange collisions and the escape of atoms from the 
storage bulb influence the linewidth for the field-independent hyperfine transition. Under normal operating 
conditions a frequency shift of roughly 5% of the exchange collision contribution to the linewidth is 
predicted. 

1. INTRODUCTION 

THE effect of exchange collisions between ground-
state hydrogen atoms has been treated by a 

number of authors.1-6 In particular, Wittke and Dicke 
considered a case where departures from thermal equi­
librium were small and the only nonzero off-diagonal 
elements of the density matrix for the ground-state 
sublevels were those corresponding to the magnetic 
field-independent (F= l , MF=0) -> (F=0, MF=0) 
component of the hyperfine transition. The nuclear 
spins and all magnetic interaction energies can be 
neglected during collisions and the electron wave 
functions for the two colliding atoms can be combined 
to form triplet and singlet states. The effect of a 
collision is to multiply the triplet and singlet parts of 
the wave function by e~iAT and e~iAs respectively. 
AT is the integral of {ET/h) over the time of the 
collision, where ET is the triplet state hydrogen-
hydrogen interaction energy, and As is defined similarly. 
Wittke and Dicke made the approximation that only 
"strong" collisions were important, where "strong" 
collisions are those in which the relative phase shift 
A=Ar—As is large enough so that the relative phase 
after the collision can be considered random. 

In the present paper the approximations of strong 
collisions and of small departures from equilibrium are 
removed. The effect on the density matrix of a single 
hydrogen-hydrogen collision for each atom in the 

1 J. P. Wittke and R. H. Dicke, Phys. Rev. 103, 620 (1956). 
* J. P. Wittke, Thesis, Princeton University, 1955 (unpublished). 
3 E . M. Purcell and G. B. Field, Ap. J. 124, 542 (1956). 
4 A. Dalgarno, Proc. Roy. Soc. (London) A262, 132 (1961). 
6 A. F. Hildebrandt, F. B. Booth, and C. A. Barth, J. Chem. 

Phys. 31, 273 (1959). 
6 R. M. Mazo, J. Chem. Phys. 34, 169 (1961). 

sample is given in Sec. 2. The resulting effect on 
operation of the hydrogen maser7 is discussed in Sec. 3. 
The expected frequency shift is estimated in Sec. 4 
using straight-line paths with the triplet and singlet 
interaction potentials of Dalgarno and Lynn.4*8 A shift 
in the field-independent hyperfine transition of up to 
5% of the exchange collision contribution to the 
linewidth is predicted. 

2. EFFECT OF A SINGLE COLLISION WITH 
ARBITRARY PHASE SHIFT 

The initial 4X4 density matrix9 pl for the magnetic 
sublevels of ground-state hydrogen atoms is written in 
the F, MF representation: 

1,1 1,0 1 , -1 0,0 

a 
e 
f 
h 

e* 
b 
g 
j 

f* 
g* 
c 
k 

h* 
j * 
k* 
d 

(1) 

The 16X16 density matrix a{ for a pair of colliding 
atoms just before collision in the ~F\MFJ?<LMFI repre­
sentation is the direct product of pl with itself, a1 is 
transformed by a unitary transformation T to a repre­
sentation SMsIMi where the two electron spins and 

7 D . Kleppner, H. M. Goldenberg, and N. F. Ramsey, Phys. 
Rev. 126, 603 (1962). 

8 A. Dalgarno and N. Lynn, Proc. Phys. Soc. (London) A69, 
821 (1956). 

9 U. Fano, Rev. Mod. Phys. 29, 74 (1957); see also C. P. 
Slichter, Principles of Magnetic Resonance (Harper and Row, 
New York, 1963), Chap. 5. 


